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COUNTING PERIODIC POINTS OVER FINITE FIELDS
LAURA WALTON
Abstract. Let V be a quasiprojective variety defined over Fq, and let φ : V → V be an
endomorphism of V that is also defined over Fq. Let G be a finite subgroup of AutFq(V )
with the property that φ commutes with every element of G. We show that idempotent
relations in the group ring Q[G] give relations between the periodic point counts for the
maps induced by φ on the quotients of V by the various subgroups of G. We also show
that if G is abelian, periodic point counts for the endomorphism on V/G induced by φ are
related to periodic point counts on V and all of its twists by G.
1. Introduction
1.1. Dynamics on varieties over finite fields. Let V be a variety and φ an endomorphism
of V , both defined over a field K. For n ≥ 1, we define φn := φ ◦ . . . ◦φ to be the nth iterate
of φ, and by convention φ0 is defined to be the identity map on V .
Definition 1.1. A point P ∈ V (K) is called periodic if there exists n ≥ 1 such that
φn(P ) = P , and is called preperiodic if there exist 0 ≤ m < n such that φm(P ) = φn(P ).
If K = Fq for some prime power q, every point of V is preperiodic for φ, so the set
of Fq-preperiodic points of V for φ is exactly V (Fq). While the question of bounding the
number of points in V (Fq) is an interesting one, it has little to do with the dynamics of
the map φ. From a dynamics perspective, it is much more interesting to count the number
of points in V (Fq) that are periodic for φ. A growing body of literature on this topic has
emerged [JKMT16,Poo13]. Many recent results have studied the behaviour under iteration
of a polynomial map f on A1(Fq); see, for example [FG14,OS16,GXB15, JB12]. There is a
relative paucity of results on dynamics of general varieties over finite fields. We have give
two results in this context, including a result relating periodic points of varieties and their
quotients.
Remark 1.2. If K = Q, V = P1 and φ is a rational map of degree at least 2, Northcott’s
Theorem states that φ has only finitely many preperiodic points defined over Q [Nor50]. In
the same setting, the Uniform Boundedness Conjecture of Morton and Silverman states that
the number of preperiodic points is not only finite but is bounded by a constant depending
only on the degree of φ [MS94,MS95]. Our idempotent relation result (see Theorem 1.7)
does not hold over Q, as shown by the example in Section 5.
1.2. Automorphisms of dynamical systems. As before, let V be a variety defined over
Fq and let φ : V → V be an endomorphism of V defined over Fq. Let G be a finite group of
automorphisms of the dynamical system (V, φ) defined over Fq; that is, G is a finite subgroup
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of AutFq(V ) such that φ commutes with every element of G. We assume that the quotient
V/G is defined; in particular, this holds if V is quasi-projective [Mum70, Chapter 2, Section
7].
Definition 1.3. We use Perφ(V ) to denote the set of periodic points for φ in V (Fq), and
Perφ(V (Fq)) to denote the set of periodic points in V (Fq). We drop the subscript and write
Per(V ) or Per(V (Fq)) when the map is clear.
Definition 1.4. Given an endomorphism φ of V and a subgroup G ≤ AutFq(V ) such that
φ commutes with every element of G, we let φG : V/G→ V/G to be the induced morphism
on the quotient variety (See Section 2 for detailed definitions). We use Perφ(V/G)(Fq), or
simply Per(V/G), to denote the set of periodic points of (V/G)(Fq) for the map φG.
We want to compare counts of Fq-periodic point counts for φ on V with Fq-periodic point
counts for φG on V/G.
Definition 1.5. Given χ ∈ H1(Gal(Fq/Fq), G), we let V
χ be the twist of V by χ, φχ the
map induced by φ on V χ, and Per(V χ) the periodic points on V χ under φχ (see Section 3
for precise definitions).
The first result we prove establishes a relationship between the number of Fq-periodic
points on the quotient V/G and the Fq-periodic points on V and all of its twists.
Theorem 1.6. Let V be a quasiprojective variety defined over Fq, and let φ : V → V be
an endomorphism of V that is also defined over Fq. Let G be a finite abelian subgroup of
AutFq(V ) with the property that φ commutes with every element of G. Then, the following
holds: ∣∣∣Per((V/G)(Fq))∣∣∣ = 1
|G|
 ∑
χ∈H1(Gal(Fq/Fq),G)
∣∣∣Per(V χ(Fq))∣∣∣
 .
The second result establishes a relation between the quotients of V by the various sub-
groups of G. If H ≤ G is a subgroup, we let εH ∈ Q[G] be its idempotent in the group
ring (see Section 4 for definitions). We show the following, where the sum is taken over all
subgroups H of G.
Theorem 1.7. For α ∈ Q[G], write α ∼ 0 if ψ(α) = 0 for every rational character ψ of G.
Let V be a quasiprojective variety defined over Fq, and let φ : V → V be an endomorphism
of V that is also defined over Fq. Let G be a finite (but not necessarily abelian) subgroup of
AutFq(V ) with the property that φ commutes with every element of G. Then,∑
H≤G
nHεH ∼ 0 =⇒
∑
H≤G
nH |Per(V/H)(Fq)| = 0.
This result is a generalization of a theorem of Kani and Rosen [KR94]. See Section 4 for
more details.
Remark 1.8. Our proof of Theorems 1.6 and 1.7 involves studying the interactions of two
groups and a semigroup: the Galois group Gal(Fq/Fq); the group of automorphisms G; and
the semigroup of iterates of φ, with semigroup operation given by composition.
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1.3. Outline of paper. In Section 2, we prove general lemmas that are used throughout
the paper. In Section 3, we show that periodic point counts on the quotient of a variety
by a group G are related to periodic point counts on the variety and its twists by G. In
Section 4, we generalize a result of Kani and Rosen on idempotent relations. We prove that
idempotent relations in the group ring Q[G] imply corresponding relations amongst periodic
points counts of the quotients of V by the various subgroups of G. In Section 5, we provide
a concrete example of a variety V , group of automorphisms G, and endomorphism φ and use
this example to illustrate the idempotent result of Theorem 1.7 over some small finite fields.
We use the same example to show that our results from Section 4 do not hold over number
fields.
2. Preliminaries
2.1. Periodic Points. Let V be a variety defined over Fq, and let G be a finite subgroup
of AutFq(V ). We restrict ourselves to varieties V such that the quotient variety V/G exists;
in particular, this holds if V is quasi-projective [Mum70, Chapter 2, Section 7]. We consider
the projection pi : V → V/G. Let φ : V → V be a morphism defined over Fq such that φ
commutes with every automorphism in G and let φG : V/G→ V/G be the induced morphism
on the quotient variety. The following square commmutes:
V V
V/G V/G.
φ
pi pi
φG
As before, we use Perφ(V ) to denote the set of periodic points for φ. We will simply write
Per(V ) when the map is clear. We use Perφ(V/G), or simply Per(V/G), to denote the set of
periodic points of V/G for the map φG.
Lemma 2.1. Given P ∈ V (Fq), let P˜ := pi(P ) be its image in the quotient. Then P˜ is a
periodic point for φG if and only if P is a periodic point for φ.
Proof. Supposed P is periodic for φ of period n, so φn(P ) = P . Then, since φG ◦ pi = pi ◦ φ,
we have that (φG)
n(P˜ ) = (φG)
n(pi(P )) = pi(φn(P )) = pi(P ) = P˜ . Thus, P˜ is periodic for φG.
Now suppose that P˜ is periodic of period n for φG. It follows that φ
n(P ) = g(P ) for some
g ∈ G. Let m be the order of g. Then, since φ commutes with g, φnm(P ) = gm(P ) = P . 
An Fq-periodic point for a morphism φ of V is a periodic point defined over Fq. We use
Perφ(V )(Fq) to denote the set of Fq-periodic points for φ. As before, we will simply write
Per(V )(Fq) when the map is clear. Similarly, we use Perφ(V/G)(Fq), or simply Per(V/G)(Fq),
to denote the set of Fq-periodic points of V/G for the map φG.
2.2. Stabilizer subgroups of preimages of quotient points. We will use the following
two lemmas several times.
Lemma 2.2. Let G be a finite subgroup of AutFq(V ). Then, given Q˜ ∈ (V/G)(Fq), the
stabilizer subgroups of any two preimages of Q˜ are conjugate.
Proof. Since G acts transitively on the set of preimages, the stabilizer subgroups of the
preimages are all conjugate. 
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The previous lemma is used to prove the following result.
Lemma 2.3. Let G be a finite abelian subgroup of AutFq(V ). Then, given Q˜ ∈ (V/G)(Fq),
the stabilizer subgroups of any two preimages of Q˜ are the same.
Proof. By Lemma 2.2, the stabilizer subgroups of all of the preimages are all conjugate. Since
G is abelian, these stabilizer subgroups are in fact the same. 
3. Counting periodic points with twists
3.1. Twists. In order to count Fq-periodic points, we begin by counting Fq-points. To do
so, we’ll need the notion of a twist of a variety.
Given an algebraic variety V defined over a perfect field K, a twist of V/K is a variety
V ′ defined over K that is K-isomorphic to V . The set of twists of V/K is the set of K-
isomorphism classes of twists of V/K. We denote this set TwistK(V ).
Definition 3.1. LetG be a finite abelian subgroup of Aut(V ). For each χ ∈ H1(Gal(K/K), G),
there exists a variety V χ defined over K such that there exists a K-isomorphism ψ : V χ → V
so that, given P ∈ V χ and σ ∈ Gal(K/K), ψ(P σ) = χσ(ψ(P )
σ) [Sil07, Section 4.8]. This
variety is called a G-twist of V , and we denote the set of all G-twists by TwistK(V,G).
Remark 3.2. There is a map:
TwistK(V,G)→ TwistK(V ),
but in general this map needn’t be injective.
Given a G-twist V χ corresponding to χ ∈ H1(Gal(K/K), G), the K-points of V χ corre-
spond exactly to the points of V that are invariant by the χ-twisted action of the absolute
Galois group Gal(K/K); that is,
V χ(K) =
{
Q ∈ V (K¯) : Q = χσ(Q
σ) for all σ ∈ Gal(K¯/K)
}
.
Remark 3.3. If G is a finite abelian subgroup of AutFq(V ), then
H1(Gal(Fq/Fq), G) = Hom(Gal(Fq/Fq), G),
so determining a twist is equivalent to determining a homomorphism from Gal(Fq/Fq) to G
[Sil07, Section 4.8].
We set K = Fq and will simply write Twist(V,G) for TwistFq(V,G).
3.2. Periodic Points and Twists. We show that, in the setting of a finite abelian subgroup
G of AutFq(V ), the Fq-points of V/G can be enumerated by counting Fq-points of every twist
in Twist(V,G).
Proposition 3.4. Let G be an abelian subgroup of AutFq(V ), and consider Q˜ ∈ (V/G)(Fq).
Let GQ be the stabilizer subgroup of a preimage of Q˜. Then, every preimage of Q˜ corresponds
to an Fq-point of exactly |GQ| twists in Twist(V,G).
Proof. Since Q˜ ∈ (V/G)(Fq), it follows that σ(Q˜) = Q˜ for every σ ∈ Gal(Fq/Fq). Let
pi−1(Q˜) = {Q1, . . . , Qm} be the set of preimages of Q˜ in V (Fq). By Lemma 2.3, the stabilizer
subgroups of the preimages are all the same. Let GQ denote this stabilizer subgroup.
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By the transitivity of G, it is enough to prove that Q1 corresponds to an Fq-point of
exactly |GQ| twists of V . Let σq be a topological generator of Gal(Fq/Fq). Since Q˜ is Galois-
invariant, the action of Gal(Fq/Fq) on pi
−1(Q˜) permutes the preimages. Thus, there exists
gq ∈ G so that Q
σq
1 = gq(Q1). It follows that Q1 = g
−1
q
(
Q
σq
1
)
.
Let χq ∈ H
1(Gal(Fq/Fq), G) = Hom(Gal(Fq/Fq), G) be the homomorphism determined by
σq 7→ χq,σq = g
−1
q . The Fq-points of V
χq correspond exactly to the points Q ∈ V such that
Q = χq,σ (Q
σ) for all σ ∈ Gal(Fq/Fq). Since σq is a topological generator for Gal(Fq/Fq),
to find the points Q ∈ V corresponding to Fq-points in V
χq , it is enough to check whether
Q = χq,σq (Q
σq ).
In the case of Q1, we see that χq,σq
(
Q
σq
1
)
= g−1q
(
Q
σq
1
)
= Q1. Thus, Q1 corresponds to
an Fq-point in V
χq . The homomorphism χq depends on the choice of an element gq ∈ G
such that Q
σq
1 = hq(Q1), and the choice of any other group element would yield a different
homomorphism corresponding to a different twist of V . We wish to count how many such
elements there are. Given an element in the stabilizer subgroup s ∈ GQ, the element sgq ∈ G
also has the property that Q
σq
1 = sgq(Q1). Moreover, if hq ∈ G has the property that
Q
σq
1 = hq(Q1), then g
−1
q hq(Q1) = Q1, so hq differs from gq by an element of the stabilizer GQ.
Thus, we conclude that there are exactly |GQ| choices for gq, and therefore |GQ| twists on
which Q1 corresponds to an Fq-point. 
The following result is an easy consequence of Proposition 3.4.
Proposition 3.5. Let G be an abelian subgroup of AutFq(V ), and consider Q˜ ∈ (V/G)(Fq).
Then, there are exactly |G| twists in Twist(V,G) on which some preimage of Q˜ is an Fq
point.
Proof. We notice that the number of preimages of Q˜ is m = |G|/|GQ|. By Proposition 3.4,
each preimage is an Fq point on exactly |GQ| twists. 
From this, we get a result on point counting.
Proposition 3.6. Let G be a finite abelian subgroup of AutFq(V ). Then:
|(V/G)(Fq)| =
1
|G|
 ∑
χ∈H1(Gal(Fq/Fq),G)
|V χ(Fq)|
 .
Proof. The result follows from Proposition 3.5 and counting points. 
Given a twist V χ ∈ TwistK(V,G), let ψχ : V → V
χ be a K-isomorphism. For any
morphism φ : V → V , we define the twisted morphism φχ : V
χ → V χ to be the morphism
making the following square commute, i.e. φχ := ψχ ◦ φ ◦ ψ
−1
χ :
V V
V χ V χ.
φ
ψχ ψχ
φχ
We claim that periodic points of V under φ correspond to periodic points of V χ under φχ.
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Proposition 3.7. Given V χ ∈ TwistK(V,G), a point Q ∈ V is periodic for φ if and only if
the point P := ψχ(Q) ∈ V
χ is periodic for φχ.
Proof. This follows from the commutativity of the diagram above. If Q ∈ V is periodic for
φ, then φn(Q) = Q for some Q. Let P = ψχ(Q). Then
(φχ)
n (P ) = (φχ)
n (ψχ(Q)) = ψχ (φ
n(Q)) = ψχ(Q) = P,
so P is periodic for φχ.
Now, suppose P is periodic for φχ, so (φχ)
n (P ) = P for some n. Since ψχ is an isomor-
phism, we have that φ ◦ ψ−1χ = ψ
−1
χ ◦ φχ. Then,
φn(Q) = φn
(
ψ−1χ (P )
)
= ψ−1χ
(
φnχ(P )
)
= ψ−1χ (P ) = Q,
so Q is periodic for φ. 
In fact, with a little more care, the argument above shows that a point in V is periodic of
period n if and only if the corresponding point in V χ is periodic of period n. However, the
previous lemma is all that is needed to prove the following claim.
Proposition 3.8. Let G be a finite abelian subgroup of AutFq(V ) on which Gal(Fq/Fq)
acts trivially, i.e. G is an abelian subgroup of AutFq(V ). Then every periodic point in
Per((V/G)(Fq)) corresponds to an Fq-periodic point on exactly |G| twists in Twist(V,G).
Proof. By Proposition 3.5, every point in Per((V/G)(Fq)) corresponds to |G| Fq-points on
the various twists V χ. The result is a direct consequence of this fact and Proposition 3.7. 
We will now prove the first main result of the paper.
Proof of Theorem 1.6. This follows from Proposition 3.8 by counting points. 
4. Idempotent relations of periodic points
4.1. Background on idempotent relations. Let G be a finite group. To each subgroup
H ≤ G we associate the idempotent
εH = |H|
−1
∑
h∈H
h ∈ Q[G].
Definition 4.1. A relation of the form∑
H⊂G
nHεH = 0,
with nH ∈ Z, is called an idempotent relation.
Given α ∈ Q[G], we write α ∼ 0 if ψ(α) = 0 for every rational character ψ of G.
Remark 4.2. Every non-cyclic group G admits a nontrivial idempotent relation. A special
class of idempotent relations are induced by partitions of a group G, by which we mean
decompositions G =
⋃k
i=1Hi, where H1, . . . , Hk are subgroups of G such that Hi∩Hj = {id}
for i 6= j. From such a partition we get the idempotent relation:
|G|εG + (k − 1)εid =
k∑
i=1
|Hi|εHi.
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Kani and Rosen prove the following theorem:
Theorem 4.3 (Kani-Rosen [KR94, Proposition 3.1]). Let V be a quasiprojective variety over
Fq. Suppose G is a finite subgroup of AutFq(V ). Then,∑
H⊂G
nHεH ∼ 0 =⇒
∑
H⊂G
nH |(V/H)(Fq)| = 0.
We prove that the same is true of the periodic point counts. In [KR94], Kani and Rosen
prove the following result.
Lemma 4.4 (Kani-Rosen [KR94, Proposition 1.1]). Let G be a finite subgroup of AutFq(V ),
and let H be a subgroup of G. Let ψH = Ind
G
H(1H) be the character on G induced by the
trivial character on H. Then,∑
h∈H
nHψH = 0 ⇐⇒
∑
h∈H
nHεH ∼ 0.
For the convenience of the reader, we reproduce the proof here.
Proof. Given characters α and β on G, recall the pairing:
(α, β)G :=
1
|G|
∑
g∈G
α(g)β(g).
Using Frobenius reciprocity, we see that:
ψ(εH) = |H|
−1
∑
h∈H
ψ(h) = (ψ|H , 1H)H = (ψ, ψH)G. (1)
First, suppose that
∑
nHψH = 0. Then, using (1), for any rational character ψ we have
that
ψ
(∑
h∈H
nHεH
)
=
∑
h∈H
nHψ(εH) =
∑
h∈H
nH(ψ, ψH)G =
(
ψ,
∑
h∈H
nHψH
)
G
= 0,
and thus
∑
nHεH ∼ 0.
Now, suppose that
∑
nHεH ∼ 0. For any rational character ψ, ψ(
∑
nHεH) = 0. In
particular, this holds for ψ =
∑
nHψH . Setting ψ =
∑
nHψH , we find using (1) that
0 = ψ
(∑
h∈H
nHεH
)
=
(
ψ,
∑
h∈H
nHψH
)
G
=
(∑
h∈H
nHψH ,
∑
h∈H
nHψH
)
G
,
so we conclude that
∑
nHψH = 0. 
4.2. Idempotent relations and periodic points. In [KR94], Kani and Rosen prove their
results using the ζ- and L-functions described in [Ser65]. Generalizing their work, we intro-
duce periodic analogues of these ζ- and L-functions and detail some of their properties.
Definition 4.5. The periodic zeta function for φ is the function:
ζφ(V, s) := exp
(
∞∑
n=1
|Perφ(V )(Fqn)|
q−ns
n
)
.
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We write ζφ(V/G, s) to denote the function ζφG(V/G, s). It is convenient to make the
substitution u = q−s and define
Zφ(V, u) := exp
(
∞∑
n=1
|Perφ(V )(Fqn)|
un
n
)
;
as before we write Zφ(V/G, u) to denote ZφG(V/G, u).
Let σq : V → V be the Frobenius morphism of V onto itself. The set of fixed points of
the action of σnq on V (F¯q) is V (Fqn).
Definition 4.6. Let ψ be a character of G. Let |PerFix(gσnq )| count the number of fixed
points of gσnq acting on Per(V )(F¯q), and define
νn(ψ) =
1
|G|
∑
g∈G
ψ(g−1)|PerFix(gσnq )|.
The periodic L function for φ is the function Lφ(V, ψ, s) defined by
Lφ(V, ψ, s) = exp
(
∞∑
n=1
νn(ψ)
q−ns
n
)
.
We will need the following properties of the periodic L function.
Lemma 4.7. Lφ(V, ψ, s) has the following properties.
(a) Lφ(V, ψ, s) is analytic in Re(s) > dim(V ).
(b) Lφ(V, ψ + ψ
′, s) = Lφ(V, ψ, s)Lφ(V, ψ
′, s).
(c) Lφ(V, 0, s) = 1.
(d) If ψH = Ind
G
H(1H), then
Lφ(V, ψH , s) = ζφ(V/H, s).
Proof. (a) This follows from [Ser65].
(b) Clear since νn(ψ + ψ
′) = νn(ψ) + νn(ψ
′).
(c) Clear since νn(0) = 0.
(d) Notice that
νn(ψH) =
1
|G|
∑
g∈G
ψH(g
−1)|PerFix(gσnq )|
=
1
|G|
∑
h∈H
|G|
|H|
|PerFix(hσnq )|
=
1
|H|
∑
h∈H
|PerFix(hσnq )|.
It remains to show that
1
|H|
∑
h∈H
|PerFix(hσnq )| = |Per(V/H)(Fqn)|,
whence the claim follows.
First, suppose that Q ∈ PerFix(hσnq ). Let Q˜ be the image of Q in the quotient V/H .
By Lemma 2.1, Q˜ is a periodic point for φH . Since Q is fixed under hσ
n
q , it follows that
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Qσ
n
q = h−1(Q), so Q˜σ
n
q = Q˜. Thus, any element Q ∈ PerFix(hσnq ) is the preimage of a
point in Per(V/H)(Fqn)
Given Q˜ ∈ Per(V/H)(Fqn), let pi
−1(Q˜) = {Q1, . . . , Qm} be the set of preimages of Q˜
in V . By Lemma 2.1, all of these preimages are periodic points.
Since Q˜σ
n
q = Q˜, the action of σnq on pi
−1(Q˜) permutes the preimages. Thus, there
exists hq ∈ H so that Q
σnq
1 = hq(Q1). It follows that
Q1 = h
−1
q
(
Q
σnq
1
)
= h−1q ◦ σ
n
q (Q1) ,
therefore Q1 ∈ PerFix(h
−1
q σ
n
q ). By Lemma 2.2, the stabilizer subgroups of h of the
preimages of Q˜ are all conjugate and therefore all have the same order. Let |HQ| denote
the order of the stabilizer subgroups of the preimages, and let HQ1 be the stabilizer
subgroup of Q1.
We see that Q1 ∈ PerFix(h
−1σnq ) provided the element h ∈ H has the property that
Q
σnq
1 = h(Q1). We found that hq has this property and wish to count how many such
elements there are. Given an element in the stabilizer subgroup s ∈ HQ1, the element
shq ∈ G also has the property that Q
σq
1 = shq(Q1). Moreover, if kq ∈ H has the property
that Q
σq
1 = kq(Q1), then h
−1
q kq(Q1) = Q1, so kq differs from kq by an element of the
stabilizer HQ1. Thus, we conclude that there are exactly |HQ1| = |HQ| choices for hq,
and therefore there are exactly |HQ| sets of the form PerFix(hσ
n
q ) that contain Q1. The
same is true for every other preimage Qi of Q˜. There are exactly |H|/|HQ| preimages, so
Q˜ corresponds to |H| points in the various sets of the form PerFix(hσnq ) (counted with
multiplicity).

These properties will help prove the following result.
Proposition 4.8. With notation as before,∑
H⊂G
nHεH ∼ 0 =⇒
∏
H⊂G
ζφ(V/H, s)
nH = 1.
Proof. By Lemma 4.4,
∑
H⊂G nHεH ∼ 0 if and only if
∑
H⊂G nHψH = 0. Using properties
(b), (c), and (d) from Lemma 4.7, we see that:
1 = Lφ(V, 0, s)
= Lφ
(
V,
∑
H⊂G
nHψH , s
)
=
∏
H⊂G
Lφ(V, ψH , s)
nH
=
∏
H⊂G
ζφ(V/H, s)
nH .

Using the previous result, we prove Theorem 1.7, which says that idempotent relations
imply relations on periodic point counts.
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Proof of Theorem 1.7. By Proposition 4.8,
∑
H⊂G nHεH ∼ 0 implies that
∏
H⊂G ζφ(V/H, s)
nH =
1. Making the substitution u = q−s, we see that
∏
H⊂G Zφ(V/H, u)
nH = 1. Taking the loga-
rithm of both sides and equating coefficients of un, the result follows. 
Remark 4.9. By letting φ be the identity morphism on V , the result of Theorem 1.7 is exactly
the result from Kani-Rosen [KR94, Proposition 3.1] cited in Theorem 4.3.
5. Example
5.1. Idempotent relations for a rational map of projective space. In this section,
we give an example to illustrate the periodic point count relation induced by an idempotent
relation on projective space of dimension one over certain small finite fields. We also show
that the idempotent relation does not generally induce a periodic point count relation over
number fields by showing that the induced relation on periodic points does not hold for the
same example with base field K = Q.
Let V := P1x. The maps
σ : P1x → P
1
x and τ : P
1
x → P
1
x
given by
σ(x) = −x and τ(x) =
1
x
are commuting automorphisms of P1x → P
1
x. Let G := 〈σ, τ〉 be the group generated by these
automorphisms under composition. Then G is an abelian group, and G ∼= (Z/2Z)2. The set
of subgroups of G is given by:
{G,Hσ := 〈σ〉 , Hτ := 〈τ〉 , Hστ := 〈στ〉 , Hid := 〈id〉} ,
so we have the diagram of subgroup containments below.
G
Hσ Hτ Hστ
Hid
Let εG, εσ, εστ , ετ , and εid be the idempotents in the group ring Q[G] associated to the
subgroups G,Hσ, Hστ , Hτ , and Hid, respectively. Notice that we have a partition of G given
by G = Hσ ∪Hστ ∪Hτ . Following Remark 4.2, there is an idempotent relation given by:
2εG − εσ − εστ − ετ + εid = 0.
The endomorphism φ : P1x → P
1
x given by
φ(x) =
x(x2 + 2)
2x2 + 1
commutes with the automorphisms σ and τ . For this reason, it is natural to study the maps
induced by φ on the quotients of P1 by the various subgroups of G.
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Since all of the quotients of P1 by the subgroups of G are isomorphic to P1, we introduce
the notation
P1σ := P
1/Hσ ∼= P
1, P1τ := P
1/Hτ ∼= P
1, P1στ := P
1/Hστ ∼= P
1, P1G := P
1/G ∼= P1.
We define the projections
piσ : P
1 → P1σ piστ : P
1 → P1στ piτ : P
1 → P1τ piG : P
1 → P1G
x 7→ u := x2, x 7→ v := x−
1
x
, x 7→ w := x+
1
x
, x 7→ z := x2 +
1
x2
,
and further define the projections ν1 : P
1
σ → P
1
G, ν2 : P
1
στ → P
1
G, and ν3 : P
1
τ → P
1
G so that
the following diagram commutes:
P1σ
P1σ P
1
στ P
1
τ
P1G
piτpiστ
piσ
ν1
ν2 ν3
and ν1 ◦ piσ = ν2 ◦ piστ = ν1 ◦ piτ = piG. Now, we wish to study the maps induced by φ on the
quotients. We define φσ to be the map ensuring the commutativity of the following diagram
P1 P1
P1σ P
1
σ,
φ
piσ piσ
φσ
and we define φστ , φτ and φG analogously. Computations give that:
φσ(u) =
u(u+ 2)2
(2u+ 1)2
, φστ (v) =
v3 + 3v
2v2 + 9
, φτ (w) =
w3 + 5w
2w2 + 1
, and φG(z) =
z3 + 8z2 + 37z + 48
(2z + 5)2
.
For the sake of space, we introduce some notation. Given a subgroup H of G and a field
K, we write PH(K) to denote PerφH(P
1/H)(K). So, for example, PHσ(Q) = Perσ(P
1
σ)(Q)
We used Sage to find the following sets and counts of K-periodic points [S+17].
H ≤ G PH(Q) |PH(Q)| PH(F5) |PH(F5)| PH(F7) |PH(F7)|
Hid {0,±1,∞} 4 {0, 1, 2, 3, 4,∞} 6 {0, 1, 6,∞} 4
Hσ {0,±1,∞} 4 {0, 1, 4,∞} 4 {0, 1, 6,∞} 4
Hστ {0,∞} 2 {0, 1, 2, 3, 4,∞} 6 {0, 1, 6,∞} 4
Hτ {0,±2,∞} 4 {0, 2, 3,∞} 4 {0, 2, 5,∞} 4
G {−4,±2,∞} 4 {1, 2, 3,∞} 4 {2, 3, 5,∞} 4
Table 1. Sets and counts of periodic points in P1/H for the fields Q, F5, and F7
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Recall that we have the idempotent relation:
2εG − εσ − εστ − ετ + εid = 0.
In the case of K = F5, we see that we have the relation:
2|PG(F5)| − |Pσ(F5)| − |Pστ (F5)| − |Pτ (F5)|+ |Pid(F5)| = 2 · 4− 4− 6− 4 + 6 = 0.
In the case of K = F7, the relation induced by the idempotent relation also holds:
2|PG(F7)| − |Pσ(F7)| − |Pστ (F7)| − |Pτ (F7)|+ |Pid(F7)| = 2 · 4− 4− 4− 4 + 4 = 0.
However, we do not get a corresponding relation on the Q-periodic points, as can be seen
below:
2|PG(Q)| − |Pσ(Q)| − |Pστ (Q)| − |Pτ (Q)|+ |Pid(Q)| = 2 · 4− 4− 2− 4 + 4 = 2 6= 0.
Thus, we see that idempotent relations do not always induce periodic point count relations
over number fields.
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